SOLUTIONS
UBC Math104/184 Exam (December 2006)
x*-3x-10 - lim (x-5)(x+2)

@ lim/e) = lim i = imees =7

If f(x) isto be continuous at x =-2, then we need liI{l2 Jf{x)=f(-2). Since f(-2)=c,then c=-7.

® 1 f\/t+ -3 «}t+ 34t+9+3 - lim _(+9-9 lim 3
o Jr = St Jix9+3 O i(fr0+3) Hﬂ\/?(\/r+9+3)

= lim Jt 0 _
>0 Jt+9+43  J9+3
2_ 2 _ 2
© lim (h+3)"-9 — lim (h"+6h+9)-9 = lim h°+6h - lim h(h+6) - lim h+6 _ 6 - 3

>0 (B~5)2 =25 w0 (B ~10h+25)-25 w0 K°—10h >0 h(h—10) m>0fh~10 —10 5

(d) A=Pe", where r =6%=0.06, and P is the principal (the original amount). When the amount has
tripled, 4=3P, s0
3P=Pe’™ = 3=¢"" = In3=006t = = ;%m 18.31 years.
(e) y'=+2(2x+1)-2=2x+1. When the tangent line is parallel to the line y ~3x=1 (or y =3x+1), its

slope (' =2x +1) is the same as the slope of the line y-—3x+1 (namely m=3),s0 2x+1=3 or
2x=2 or x=1. Therefore y=1(2x+1)’ =1(2+1)* =%. So the pointis (1,2

(O y'=e"-3+e7 . (=2)=3e" —2¢7. The tangent line has slope zero when

3x
3¢ =2¢F = e_z _2 = es":% = Sx=In} = x=1iln3.
e 3 3
(g f'(x)=-2(@sin"x)7. ! = 2 . ! . Therefore
\/lwxz (sin" %) r— >
FiL)=— 2 21 uz.ﬁ.\/_ - _M
" (mﬂl I(r &’ J 5 &AL 7 4

h) g(x)=41+3f(x), so g(0)=\/1+3f(0)=«/1+3-1=ﬁ=2. Therefore the point on the graph of
y=g(x)=1+3f(x) is (0,2).
3/'(x)

"=+ A+3FENV3(x) = —=E=f
gx)=5(1+3f(x) J(x) 1370
Theretore, the slope of the tangent line at the point (0,2) is

3O 34 12
21+37(0)  2J1+3.1 244

So the equation of the tangent line is y =mix+b=3x+2 (since (0,2) is the y-intercept).

= 3.

m=g'(0) =
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. d _d dy, 1 dy_ .Y
i) —(y+In(y+3) (x) = dx+y+3 T 2x = (y+3) 2x(y+3)
@ _ dy _2x(y+3)
= (y+4)dx—2x(y+3) = 544 )

1
o Fee (x+1) -(0+;:I-1}—(l+ln(x+l))-l _ 1-1-In(x+1) =__ln(x+1) |
(x+1)° (x+1)° (x+1)
f(x) is increasing when f'(x) >0, which occurs when In(x +1) <0 (since (x+1)’ is always positive),
i.e.when x+1<e’ =1 or x<0. So f(x) is increasing on the interval (-1,0). (Note that f(x) is not
defined when x<-1.)

(x+2)-1-x-1_ 2 s N A 4
x+2) —(x+2)2—2(x+2) so f(x)=-4(x+2)"-1 Giay

k) f(x)=

is concave down when f"(x) <0, which occurs when (x +2)° >0 (since —4 is

Therefore f(x) = —
x+2

always negative), i.e. when x+2>0 or x>-2. So f(x) is concave down on the interval (—2,0).

P+ 1-x2x x*+4-2"  4-x°
x*+4)° (x> +4) (P +4)?*

O fix=

At a critical point f'(x)=0 so 4~x’ =0 or x* =4 and therefore x =+2. So there is only one critical
point inside the interval [—1,5], namely x=2. There are also the two endpoints x=-1 and x=5 to
consider.

1 -1 1 5
=—=0.25; ———-———m—=-0.2o; 5)= == ~0.17.
4 "8 4 A (-1>+4 5 JG)= 4 29

f(2)=
The global minimum occurs when x =-1 and has the value f(-~1)=—+ so itis at the point (~1,~%).

(m) This is a geometric series of the form a+ar +ar’ +ar’ +--- where a=~% and r=-1. The sum is

therefore

a+ar+ar2+ar3+---=1—= -

2 3 4

(n) Since ex=1+x+——+——+£—+---,therefore
203 4

Y-V S| 2 3 4
0 (= (0 2 % x
2! 3 4 20 3 4

e =1+ {-x)}+
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2 3 4 2 3 4
So (x+De " =xe +e = x[l—x+f——f——+x——mJ + (l—x+x——x—+x——--~)
20 3 4 ! !

= (x~x’+ix0 ~Ixt + Lt )+ (l-x+dix? ~ 157 4 Lxt 4o

2 3

= 11— 1y 1
= 12X +3x —3x" +

ha—

So ¢, =—1, since that is the coefficient of x”.

f(x+h)—f(x)=1im[ x+h x }h—-mn[ x+h % ]_1
h h—0 A0 h

2. f'(x)= lim - = _
Sx)= 1-3(x+h) 1-3x 1-3x—3kh 1-3x

— 1 (x+m(A-3x)-x(1-3x-3h) 1 _ limx+h—3x2 —3xh—x+3x*+3xh
b0 (1-3x)(1-3x-3h) h 0 h(1-3x)(1~-3x~3h)

. h . i 1

Hm = lim = -

-0 h(1-3x)(1-3x-3h) 0 (1-3x)(1-3x-34h) (1-3x)

3. Since demand g is a linear function of the price p, ¢ = ap +b where a and b are constants.
When p=7, ¢=60,s0 60=a-7+b,and when p=5, g=66,50 66=a-5+b.
Therefore 60—-66=(7a+b)—(5a+b),s0 —6=2a and a=-3.
Then b=60-7a=60—-(-21)=81. Sog=ap+b=-3p+81=81-3p.
The profit is given by
P=R~C=pg-3q = (p-3)q = (p~-3)81-3p) = 81p-243-3p" +9p = 90p-243-3p*.
Therefor g£=90-6p=0 at a critical point, so 6p =90 and p=15.

i
It should charge $15 for the appetizer.

(x*+D-2-2x-2x _ 2x°+2-4x* _ 2-2x"  2(1-x°%)
(x? +1)° (x* +1)? &+ @ +DY

4@ fx=

At a critical point f'(x)=0,so 1—x?>=0. Therefore x* =1, s0 x=+1.
So there are two critical points, (1, f(1))=(1,1) and (-1, f(-1))=(-1,-1).
2(1-x%)
x*+1)°

interval (-1,1) (and therefore decreasing on the intervals (—c0,—1) and (1,00)).

f(x) is increasing if f'(x)= >0,1e. if x* <1 or ~1<x<1. So f(x) is increasing on the
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(x* +D?(0-4x)—-(2-2x7)-2(x* +1)- 2x

_ (x> +1)(—4x)—(2-2x7)-2-2x

(b (0=

(*+1)* (7 +1)°
CHADE D F2-2x")]  —4x(3-%7) _ 4x(x"—3)
B (x> +1)° T+ )

At an inflection point f"(x)=0, so 4x{(x> —3)=0. Therefore 4x=0 or x> ~3=0,s0 x=0 or x* =3.
So there are three possible inflection points, x=0, x=—+/3 and x=+/3.

-3) (negative) (positive)

Whenx<—\/—. f(x )_4x(x

=negative, so f(x) is concave down.

(x* +1)° positive
2 . .
When —+/3 <x<0, fx)= 4x (zx ?) = (negatlve)'(flegatlve) =positive, so f(x) is concave up.
{(x“+1) positive
When 0<x<+/3, f(x)= 4x(x’ 3) = (positive) .(l}egatlve) =negative, s0 f(x) is concave down.
(x* +1) positive
4x(x* -3) _ (positive)(positive)

= positive, so f(x) is concave up.

When x >+3, f"(x)=

(x* +1)°

Thus f(x) is concave down on the intervals (—o, -3 3) and (O, V3 ) and concave up on the intervals

(-+/3,0) and (/3,).

positive

4-(-2) _
1+1)°
B2
A+1y

Since the concavity changes at each of the three possible inflection points x=0, x= V3 ,and x=—/3
they are actual inflection points: (0, £(0)) =(0,0), (v3,/(+/3))=(3,143) and
(V3. /3 =(3,-343). Y

A
f(x1= =7

The critical point (1,1) is a local maximum since (1) =

(c)
The critical point (—1,~1} is a local minimum since f"(1) =

k]

(i,1)
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5. Let x be the length of the base of the box and y its height. The volume is
V =x’y. The total cost is C =5x +4-(2xy) =5x +8xy. Since the total
60 ~5x

8x / x

cost is $60, therefore 5x” +8xy =60, so 8xy=60—-5x". Thus y=

so the volume is given by

605’ Z
2. e §%-(60-5x") = £(60x—5x").

V=xy = x

Therefore ip—’=3§(60—15x2)=1§(4-x2)=0 at a critical point. So 4—x* =0, 0or x> =4. Then x=2 (since
dx

60—5x* 60-5-2° 60-20_5

x must be positive). Therefore y=
8x 8-2 16

.80 x=2and y=2.

6. Plugging in p =30 gives
30°+2¢* =1100 = 2¢*=1100-30=1100-900=200 = 4*=100 = g=10.

d 2n_ d dp dg dp dq
— +2 =—(1100) = 2 +4g-—2L=0 huc SR S S|
ft(p q°) ft( ) P ; q ” = p ” q

ar dt
. dp .
Pluggingin p=30, ¢=10 and —‘;:2 gives
30-2+2-101d£=0 = 60+20£i—q—':0 = —d—g-=—§~(-)—=—
dt dt dt 20
Since revenue is given by R = pgq,
ar _ dq+qﬁg = 30-(-3)+10-2 =-90+20 =-70.

a Pa T

Revenue is decreasing at a rate of $70 per month.






